Abstract
We use the duality between the local Cartezian coordinates and the solutions of the Klein-Gordon equation to parametrize locally the spacetime in terms of wave functions and prepotentials. The components of metric, metric connection, curvature as well as the Einstein equation are given in this parametrization.
As was recently shown in [1] , the Cartezian coordinates of flat spacetime can be interpreted as functionals on solutions of the Klein-Gordon equation and some other functionals called prepotentials [2] [3] [4] . This duality between coordinates and matter fields allows, on one hand, to give a statistical interpretation to the spacetime coordinates in classical quantum mechanics [1] (see also [5, 6] .) On the other hand, it suggests that the measurements performed in terms of coordinates could be expressed in terms of fields, too. This idea might be useful, for example, at Planck scale where the fields represent practically the unique physical objects that can play the role of measuring devices. However, at Planck scale the effects of gravity are rather strong. Therefore, it is important to understand the duality between coordinates and fields in the presence of gravity (for recent attempts to formulate the gravity and supergravity in terms of quantum quantities see [7] - [11] .) The conditions under which this duality can hold locally on a curved spacetime manifold were discussed in [12] . Since the relations that describe the duality actually give a local parametrization of spacetime in terms of solutions of the Kaluza-Klein equation and prepotentials, the next step to understand it is to see what the Einstein equations are in this parametrization. This is the aim of this letter.
In order to derive the Einstein equations from coordinate-field duality we firstly note that there is a relationship between one-forms on spacetime manifold M and the differentials of the fields [1] . This relationship is induced diffeomorphism like and it allows us to write the metric, the metric connection, the curvature and the Ricci tensor in terms of fields and prepotentials.
1 A second remark is that we can always pick up a local Cartezian coordinate system, according to the principle of equivalence, and define the coordinate-fields duality in this reference frame. Any other local coordinate system can be obtained from the Cartezian one by a coordinate transformation. The advantage of choosing local Cartezian coordinates is that in this case we can use the simple duality relations given in [1] . The price to be paid for this simplicity is that the construction is purely local since, in general, a Cartezian coordinate system fails to exist globally.
Let us start with a spacetime manifold M endowed with a metric fields g and a scalar field φ that satisfies the Klein-Gordon equation. In an open neighbourhood U of a point P ∈ M we pick up a local Cartezian coordinate system {x α }, α = 0, 1, . . . , n−1 in which the metric is diagonal g αβ (x) = η αβ (x) and the Klein-Gordon equation takes the form (2 x + m 2 )φ(x) = 0.
Then according to [1] the following duality relations hold in
for α = 0, 1, . . . , n − 1. Here,
] are the prepotentials defined bỹ
and φ (α) andφ (α) are two linearly independent solutions of the Klein-Gordon equation that depend on the coordinates x α . The coordinates
where ′ = ∂/∂φ (α) and the potential V (α) (x α ) has the following form 1 The map between one-forms on spacetime and differentials of fields is not an induced diffeomorphism since the duality involves prepotentials beside coordinates and fields. That is a consequence of the fact that in local Cartezian coordinates there are two linearly independent solutions of the Klein-Gordon equation on each direction.
As a consequence of (1) the following relations between the derivatives and differentials with respect to {x α } and {φ (α) }, respectively, hold
where
The relations (5) and (6) represent an induced parametrization on the spaces T P (U) and T * P (U), respectively. One should keep in mind for later manipulations that there is no summation over α in the r.h.s. of (5) and (6) . Using the linearity of the metric tensor field (see for example [13] ) it is easy to see that the components of metric in the {(φ (α) , F (α) )} parametrization are given by
Now let us take a general coordinate system z µ , µ = 0, 1, . . . , n−1 in U, and let us denote the coordinate transformation matrices by
The components of the metric in the new coordinate system are given by
where the summation over α and β is performed. The components of metric connection can be computed using the formula
where P is a permutation of the ordered set of indices {σνµ} and ǫ P is the signature of P . By the coordinate transformation (8) the function φ (α) depends on all coordinates z µ . It is easy to see that one can express the metric connection (10) in the {(φ (α) , F (α) )} parametrization and the result is given by the following relation
Using the definition of the curvature tensor field [13] , it is straightforward to compute the components of curvature in the {(φ (α) , F (α) )} parametrization. For the sake of clarity, let us introduce the following notation
Then a little algebra gives the components of the curvature tensor
In the same way one can compute the components of the Ricci tensor and the scalar curvature in terms of fields and prepotentials. To simplify the results we introduce some notations as
With (14) the local form of the Einstein equations with a vanishing energy-momentum tensor in the {(φ (α) , F (α) )} parametrization is given by
Note that all the quantities in (15) depend on the scalar fields φ (α) and on the prepotentials F (α) which were defined in local Cartezian coordinates. Moreover, using (3) one can see that the potential (4) determined by the other directions x β also enter (15) as expected.
The equation (15) 
where k is the Newton's constant in n dimensions and T αβ are the components of the energymomentum tensor in terms of φ (α) .
To 
